SAMPLE PATH PROPERTIES OF THE STOCHASTIC FLOWS. 



D. DOLGOPYAT, V. KALOSHIN, L. KORALOV 

Abstract. We consider a stochastic flow driven by a finite dimensional 
Brownian motion. We show that almost every realization of such a flow 
exhibits strong statistical properties such as the exponential convergence of 
an initial measure to the equilibrium state and the central limit theorem. 
The proof uses new estimates of the mixing rates of the multipoint motion. 



1. Introduction. 

The subject of this paper is the study of the long-time behavior of a pas- 
sive substance (or scalar) carried by a stochastic flow. Motivation comes from 
applied problems in statistical turbulence and oceanography, Monin & Yaglom 
|MY |, Yaglom Q, Davis |Da], Isichenko and Carmona & Cerou [CC|. The 



questions we discuss here are also related to the physical basis of the Kolmogorov 



model for turbulence, Molchanov Mo 



The physical mechanism of turbulence is still not completely understood. It 



was suggested in |[RT|| that the appearance of turbulence could be similar to 
the appearance of chaotic behavior in finite-dimensional deterministic systems. 
Compared to other situations, the mechanism responsible for stochasticity in 
deterministic dynamical systems with nonzero Lyapunov exponents is relatively 
well understood. It is caused by a sensitive dependence on initial conditions, 
that is, by exponential divergence of nearby trajectories. It is believed that a 
similar mechanism can be found in many other situations, but mathematical 
results are scarce. Here we describe a setting where analysis similar to the 
deterministic dynamical systems with nonzero Lyapunov exponents can be used. 
In the paper we shall consider a flow of diffeomorphisms on a compact manifold, 
generated by solutions of stochastic differential equations driven by a finite- 
dimensional Brownian motion. 

We show that the presence of non-zero exponents combined with certain non- 
degeneracy conditions (amounting roughly speaking to the assumption that the 
noise can move the orbit in any direction) implies almost surely chaotic behavior 
in the following sense: 
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• Exponential, in time, decay of correlations between the trajectories with 
different initial data. 

• Equidistribution of images of submanifolds. 

• Central Limit Theorem, with respect to the measure on a "rich enough" 
subset, which holds for almost every fixed realization of the underlying 
Brownian motion. 

In order to illustrate the last point, let us consider a periodic flow on M", 
and let u he a. Lebegue probability measure concentrated on an open subset. 
As a motivating example one may think of an oil spot on the surface of the 
ocean. The ultimate goal could be to remove the oil or at least to prevent it 
from touching certain places on the surface of ocean. Thus, we wish to predict 
the properties and the probability laws governing the dynamics of the spot in 
time. Let ut be the measure on M" induced from u by time t map of the flow. 
We shall show that almost surely Ut is asymptotically equivalent to a Gaussian 
measure with variance of order t. In other words, for a sufficiently large positive 
R for large time 99 percent of the oil spot is contained in the ball of radius R^/i. 

Even though we consider the random flows generated by SDEs, very little in 
our approach relies on the precise form of the noise, and in a future work we 
shall show how to generalize our results to other random flows. Thus our work 
could be considered as a flrst step in extending deterministic dynamical system 
picture to a more general setup. 

As a next step one may attempt to obtain the same results for the so-called 
Isotropic Brownian Flows introduced by Ito (1956) and Yaglom (1957). This is 
a class of flows for which the image of any simple point is a Brownian motion 
and the dependence (the covariance tensor) between two different points is a 
function of distance between these points. Related problems for this case have 
been studied by Harris , Baxendale pil|| , Le Jan |[L1|| , Cranston, Scheutzow, 



Steinsaltz ||CSS1|| and [|CSS2|| , Cranston, Scheutzow [|CS|| , Lisei, Scheutzow 



Scheutzow, Steinsaltz |^S|| and others. 

The precise statements of our results are given in the next section. The 
proofs are carried out in Sections ^|-|^. Section ^ deals with dissipative flows. 



Application to passive transport problems ||CC|, |CSS1|| will be given elsewhere. 



2. Central Limit Theorems and an application to periodic flows. 

2.1. Measure-Preserving Nondegenerate Stochastic Flows of Diffeo- 
morphisms. Let M be a C°° smooth, connected, compact Riemannian mani- 
fold with a smooth Riemannian metric d and an associated smooth measure /z. 
Consider on M a stochastic flow of diffeomorphisms 

d 

(1) dxt = J2^k{xt) o dOkit) + Xo{xt)dt 

k=l 
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where Xq, Xi, . . . , are C°°-vector fields on M and e{t) = {9i{t),..., 9d{t)) is 
a standard M'^-valued Brownian motion. Since the differentials are in the sense 
of Stratonovich, the associated generator for the process is given by 

1 

(2) L = -^X,2 + Xo 

k=l 

Let's impose additional assumptions on the vector fields Xq, Xi, . . . , X^. All 
together we impose five assumptions (A) through (E). All these assumptions 
except (A) (measure preservation) are nondegeneracy assumptions and are sat- 
isfied for a generic set of vector fields Xq, Xi, . . . , X^- Now we formulate them 
precisely. 

(A) {measure preservation) The stochastic fiow {xt : t > 0}, defined by 
(0), almost surely w.r.t. to the Wiener measure W of the Brownian motion 6 
preserves the measure n on M; 

(B) {hypoellipticity for Xt) For all x G M we have 

(3) Lie{X,,...,X,){x)=T,M, 

i.e. the linear space spanned by all possible Lie brackets made out of Xi, . . . , X^ 
coincides with the whole tangent space T^M at x] 
Denote by 

(4) A = {{x\x^) e M X M : x^ = x^} 

the diagonal in the product M x M. 

(C2) {hypoellipticity for the two-point motion) The generator of the two-point 
motion {{xl,x^) : t > 0} is nondegenerate away from the diagonal A(M), mean- 
ing that the Lie brackets made out of {Xi{x^), Xi{x^)), . . . , {Xd{x^), Xd{x^)) 
generate T^iM x T^^M. 

To formulate the next assumption we need additional notations. For (t, x) G 
[0, 00) X M let Dxt '■ T^qM — >■ T^^M be the linearization of Xt at t. We need 
an analog of hypoellipticity condition (B) for the process {{xt,Dxt) : t > 0}. 
Denote by TX^ the derivative of the vector field X^ thought as the map on TM 
and by SM = {f G TM : |f | = 1} the unit tangent bundle on M. If we denote 
by Xfc(f) the projection of TXk{v) onto T^SM, then the stochastic fiow (|l|) on 
M induces by a stochastic fiow on the unit tangent bundle SM is defined by 
the following equation: 

d 

(5) dxt{v) = ^Xk{xt{v)) od9k{t) + XQ{xt{v))dt with xo{v) = v, 

k=l 

where v G SM. With these notations we have condition 
(D) {hypoellipticity for {xt, Dxt)) For all v G SM we have 

Lie{X^,...,Xd){v)=T,SM . 
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The next condition is that the stochastic flow {xt,Dxt) has a nonzero Lya- 
punov exponent. This condition can be expressed in terms of a certain integral 
being nonzero. To define such an integral precisely we need to introduce some 
additional objects. Under condition (D) of hypoellipticity of {xt, Dxt) there 
a unique stationary probability measure jl on SM for the one-point motion 
{xt '■ t > 0} on SM. Moreover, jl admits positive density w.r.t. Riemannian 
measure on SM. Denote by vr : TM — >■ M the natural projection of TM onto 
M. Consider the Levy-Civita connection V for the Riemannian structure on 
M to define the horizontal space T^TM for v G TM as the one identified with 
T-jjyM. Then TXk is the vector field on TM for which Xk{x) and VXfc(x)(f) 
are the horizontal and vertical components of TXk{v), v G T^-M respectively. 
Define now the set of + 1 functions 

gk{v) =<VXk{7iv){v),v >, V e SM, k = 0,l,...,d. 

R{v)=9o{v) + J2iLx,9k){v). 

k=l 

With the above notations we have a formula of Carverhill [|C1|| for the largest 
Lyapunov exponent: 



(7) 



Ai = lira -log\Dxt{x){v)\ = [ R{v)dfi{v). 
i JsM 



(E) {positive Lyapunov exponent) Our last assumption is 
(8) Ai > 0. 

For measure-preserving stochastic flows with conditions (D) Lyapunov expo- 
nents Ai,...,AdimM do exist by multiplicative ergodic theorem for stochastic 
flows of diffeomorphisms (see ||C2|| , thm. 2.1). Moreover, the sum of Lyapunov 



exponents J2/=i should be zero (see e.g. [[BS|]). Therefore, to have a posi- 
tive Lyapunov exponent it is sufficient to have a nonzero Lyapunov exponent. 
Lyapunov exponents of the stochastic flows of diffeomorphisms have been in- 
vestigated by various authors, see |P4 [ES|| and references there. 



2.2. CLTs for Measure-Preserving Nondegenerate Stochastic Flovi^s of 
Diffeomorphisms. From now on we shall consider only the stochastic flows, 
deflned by ([^), and satisfying assumptions (A) through (E). The flrst CLT for 
such flows is CLT for additive functionals of the two-point motion. 

(2) 

Denote by {Ai : t > 0} an additive functional of the two-point motion 
{(xJ,Xj) : t > 0}. Suppose Af'^ is governed by the Stratonovich stochastic 
differential equation 

d 

(9) dA[^\xl,xl) = ^^«fc(xJ,Xj) o d6k{t) + a{xl,xf)dt, 



k=l 
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where {ak}i=i and a are C°°-smooth functions, such that 

// [a(x\x2) + 
(10) 1 JJm.m^ 

k 

and (^L(^Xk,Xk)C(k) denotes the derivative of along the vector field 

{Xk,Xk) on M X M at the point This equality can be attained by 

subtracting a constant from a(x"^,x^). 

Theorem 1. Let {Af'^ : t > 0} be the additive functional of the two-point 
motion, defined by and let the two-point motion : t > 0} for 

xl 7^ Xq be defined by the stochastic flow of diffeomorphisms which in turn 

satisfies conditions (A) through (E). Then as t oo we have that converges 
weakly to a normal random variable. 



Fix a positive integer n > 2. The second CLT for stochastic flows, defined 
by (|1|) and satisfying assumptions (A) through (E), is the CLT for additive 
functionals of the n-point motion. In other words, CLT for the two-point motion 
(Theorem 0) has a natural generalization to a CLT for the n-point motion. 
Denote by 

A(")(M) = {{x\ . . . G M X ■ ■ ■ X M : 3j ^ i such that x^ = x'} 

the generalized diagonal in the product M x ■ ■ ■ x M (n times). Replace (C2) 
by the following condition. 

(C„) The generator of the n-point motion {{xl,...,x^) : t > 0} is non- 
degenerate away from the generalized diagonal A*^")(M), meaning that Lie 
brackets made out of {Xi{x^), . . . , Xi(a;")), . . . , {Xd{x^), . . . , Xdix"^)) gen- 
erate T^iM X ■■■ X T^nM. 

Similarly to the case of the two-point motion, denote by {A^""^ : t > 0} an 
additive functional of the n-point motion {{xj, . . . ,x") : t > 0}. Suppose A^""^ 
is governed by the Stratonovich stochastic differential equation 

d 

(11) dA[''\xl, ...x^) = J2MxI---, ^t) ° dOkit) + a{x], . . . , x^)dt, 

k=l 

where {ak}f.^i and a are C°°-smooth functions, which satisfy 
/ ■■• / \a{x\...,x-) + 

^^^^ 1 ' / 

2 X • • • , a;")J d^i{x^) . . . c//i(x") = , 



fc=i 
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and {L(^Xk....,Xk)<^k) (x^, . . . , x") denotes the derivative of along the vector 
field (Xfc, . . . , Xfc) on M X ■ ■ ■ X M {n times) at the point (x^, . . . , x"). As in the 
two-point case, this equality can be attained by subtracting a constant from 
a{x^, . . . , x"'). For the ra-point motion we have the following 

Theorem 2. Let {Af^^ : t > 0} be the additive functional of the n-point mo- 
tion, defined by (|77[), and let the n-point motion {(x^, . . . , x") : t > 0} for 
pairwise distinct Xq ^ x^ be defined by the stochastic flow of diffeomorphisms 
(jiy, which in turn satisfies conditions (A),(B), (Cn), (D), and (E). Then as 

t oo we have that converges weakly to a normal random variable. 

We shall prove the CLT for the two-point motion (Theorem |lD, and then 
show how to extend this proof to the n-point case. 

The third CLT for stochastic flows, defined by (|I]) and satisfying assumptions 
(A) through (E), is the CLT for probability measures supported on sets of 
positive Hausdorff dimension in M. 

Consider stochastic flow (|1]) and an additive functional {At : t > 0} of the 
one-point motion satisfying 

d 

(13) dAt{x) = ^akixt) o d9k{t) + a{xt)dt 

k=l 

with C°°-smooth coefficients. Define 

d 

(14) a{x) = ^(Lx,afc)(a;) + a{x), 

k=l 

where {Lx^<yk){x) is the derivative of ak along the vector field Xk at point x. 
Impose additional assumptions on the coefficients of ([T3|) . 
(F) (no drift or preservation of the center of mass) 

(15) / a{x)dfi{x) = , / ak{x)dfi{x) = for k = l,...,d. 
Jm Jm 

This condition can be attained by subtracting appropriate constants from func- 
tions ai, . . . , ad, and a. For At as above, when t ^ oo, we have that ^ converges 
to a normal random variable with zero mean and some variance D{A), given 
below. Our next result below shows how little randomness in initial condition 
is needed for the CLT to hold. 

Let z/ be a probability measure on M, such that for some positive p it has a 
finite p-energy 



(16) 
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In particular, this means that the Hausdorff dimension of the support of v on 
M is positive (see ||Ma]| , sect. 8). Let hA.\ be the measure on M defined on Borel 
sets n C M by 

(17) M\{^) = z/ |a: G M : E 

Theorem 3. Let {xt : t > 0} be a stochastic flow of diffeomorphisms and 
let conditions (A) through (F) he satisfied. Then as t ^ +oo almost surely Ai^ 
converges weakly to the Gaussian measure with zero mean and some variance 
D{A). 

2.3. Application to periodic flows. Consider the stochastic flow (|I|) on M^, 
with the periodic vector fields X^. Application of Theorems [T|-^ to the corre- 
sponding flow on the A-dimensional torus leads to the clear statements on the 
behavior of the flow on M^. We formulate those as Theorems 1' - 3' below. 

The usual CLT describes the distribution of the displacement of a single 
particle with respect to the measure of the underlying Brownian motion 6{t). 
The CLT formulated below (Theorem 3'), on the contrary, holds for almost 
every realization of the Brownian motion and is with respect to the randomness 
in the initial condition. 

Theorem 1'. Let {Xk}'l^Q be C°° periodic vector fields in with a common 
period, and let conditions (A) through (E) he satisfied. Let x\ and xf he the 
solutions of (|7p with different initial data. Then for some value of the drift v 
the vector -^{xl — vt, x1 — vt) converges as t oo to a Gaussian random vector 
with zero mean. 

Theorem 2'. Let {Xk}f^Q he periodic vector fields in with a com- 
mon period, and let the conditions (A), (B), (C„), (D), and (E) he satisfied. Let 



X 



1 

ti ■ ■ ■ 



he the solutions of with pairwise different initial data. Then for 
some value of the drift v the vector -^(x] — vt, x^ — vt) converges as t ^ oo 
to a Gaussian random vector with zero mean. 

Theorem 3'. Let {Xk}f^Q he periodic vector fields in with a common 
period, let v he a prohahility measure with finite p- energy for some p > and 
with compact support, and let conditions (A) through (F) he satisfied. For the 
condition (F) we take au = Xk and a = Xq. Let xt he the solution of ^ with 
the initial measure v. Then for almost every realization of the Brownian motion 
the distribution of ^ induced by v converges weakly as t ^ oo to a Gaussian 

random variable on with zero mean and some variance D. 

Proof of Theorems 1' - 3 : The functions and a in the formulas (^, (pA]), and 
(p!3|) could be considered to be vector valued, thus defining the vector valued 
additive functionals. Any linear combination of the components of a vector 
valued additive functional is a scalar additive functional, for which Theorems 
|T]-0 hold. If any linear combination of the components of a vector is a Gaussian 
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random variable then the vector itself is Gaussian. Therefore Theorems 
hold for vector valued additive functionals as well. 

It remains to rewrite equation (|1|) in the integral form and apply Theorems |I], 
^ or 1^ to the vector valued additive functional of the flow on the torus. Q.E.D. 

Remark 1. Let in Theorem 2' 

where B-' G are Brownian motions. If Xt moves according to (|l]) and satisfies 
condition (F), then B-' and B* are independent for j ^ i. In fact it will follow 
from the proof of Theorem 2 that components of B satisfy 

{XQ)i{x{)d{xl)^ dfi{xi)dfi{xi) + 



E(B^B;) = limi// 











d 



{Xo)rixl)d{xl)i dfx{xl)dn{xl) + 



dfj,{x^)dfi{x'^ 



J2{iXk)l{x'){Xk)r{x'))ds 



k=l 



where X is the lift to the universal cover of the vector field X, Qj is the l-th 
component of B-*, and x^ is the s-th component of x^ (cf. Lm. However 
performing the integration over ^ x fi first we get that all terms equal 0. 

The proofs of the CLT's occupy Sections In the next section we prove 
CLT for additive functionals of the two-point motion (Theorem By results 
of Baxendale and Stroock we know that the two-point motion is ergodic 



In section ^ we investigate the rate of mixing (the decay of correlations) of the 
two-point process, and prove that it is exponential in time. In the next section 
we show how, using the proof for two-point functionals, one can derive CLT for 
the n-point functionals (Theorem |]). In section ^ we prove that a smooth curve 
7 on M becomes uniformly distributed by flow (|I]) in the limit as time tends 
to infinity. Section ^ of this paper is devoted to the proof of CLT for measures 
(Theorem §). In Section ^ we prove above CLT for the dissipative case. 

3. Proof of CLT for two-point functionals 

3.1. Outline of the proof. We consider the two-point motion Zt = {xl,xf), 
defined by (|l|). The generator of the two-point process degenerates on the 
diagonal A C M x M, and this creates a problem when we want to establish 
the mixing properties of the two-point process, needed for the CLT. However, 
since we consider stochastic flows (|l|) with positive Lyapunov exponents, the 
intervals of time when the points xl and are nearby should be small. This 
observation will help us to detour the problem of the diagonal. 
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The outline of the proof of the CLT is the following. Choose a small r > , 
and two initial points x'^ ^ . Denote z = {x^, x^) and Zt = {xj, x1). Let 

^r = {{x,y)eMxM:d{x,y)=r}, 

^ ^ Gr = {{x,y) e M X M : d{x, y) > r}. 

We introduce two sequences of stopping times cr„ and r^, such that Za„ G Ar/2 
and G Gr- These stopping times are defined inductively, with (T„ being the 
first instance after Tn-i when the process zt visits Ar/2, and r„ related to the 
first instance after (T„ when the process Zt visits A^. We shall see that Zr„ is 
an exponentially mixing Markov chain, and that the stopping times r„ satisfy 
the law of large numbers, r„/n const. The contributions to the additive 
functional At from the intervals (7:„_i,7:„) will be seen to satisfy the CLT. 

Up to some technical details this is the main idea of the proof. In the proof 
we shall use results of Baxendale-Stroock ||BS|| on the properties of the stopping 



times of the two-point motion of stochastic flows ([T|) with nonzero Lyapunov 
exponents, and standard facts about hypoelliptic operators. 

3.2. Preparatory Lemmas and the proof. In this section we prove several 
Lemmas leading to the CLT for the two-point motion. First, we study the two- 
point motion close to the diagonal A C M x M. We shall use the following result 
of Baxendale-Stroock |BS] showing, in particular, that a positive Lyapunov 



exponent for (0) implies that the transition time from r/2 neighborhood of the 
diagonal to r neighborhood of the diagonal has exponential moments. 



Lemma 1. (^ PS|| see Theorem 3.19) There are positive constants and tq, 



which depend on the vector fields Xq, . . . , Xd, such that for any < a < ao and 
< r < ro, there are p{a), K{a) with the property p{a.) — as a — 0, such 
that for any pair of distinct points x^ and x"^ which are at most r apart we have 

(20) K-^ d-P{x\x^) < E,{e"^) < K d~P{x\x^), 

where r is the stopping time of x] and xl getting distance r apart, i.e. r = 
mf{s > : d{xl,x^) = r} and z = (xJ, Xg). 

Fix some r > 0, which satisfies the assumptions of Lemma Let 6 be small 
enough, so that 

(21) F,,{zt G A,/2 for some < t < 25} < , 

for all zo G A^, where the constant K is the same as in (pOl). Let = {6, 26, ...}. 
Next we introduce the stopping times 0"„, r„, n> 1. Let cti = inf{t : Zt G Ar/2}- 
Assuming that cr„ has been defined, we define r„ as follows 

^ = inf {t > cr„ : t G Zj", there exists Si G [o"„, t — 5], such that 



22 



Zs-^ G Ar, Zs G Gr/2 ^oi all s G 
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This definition means that if a trajectory starts at a point in ^r/2i then we 
wait till it hits the set A^, and stop in the second of the discrete moments of 
time, following the visit to A^, provided the part of the trajectory after the 
time it hits A^ is entirely contained in Gj./2- Finally, if r„ is defined, we define 
an+i = ini{t > : Zt e A,./2}- 

We have constructed the Markov chain Zr„, with the state space Gr/2- With 
the discretization of time we were able to stop the process zt in the open set, and 
will now show that, due to hypoellipticity, the Markov chain Zr„ is exponentially 
mixing. 

Lemma 2. The Markov chain Zr„ is exponentially mixing. 

Proof: Let U be some open set, which, together with its closure, is contained 
in Gr/2- Let P{x,y) be the density of the absolutely continuous component 
(with respect to the measure /i'-^-', invariant for the two-point process) of the 
transition function for the chain Zr„^. It is sufficient to show (see [po|] ), that 
P{x,y) > c for all x G Gr/2 , U ^ U, and some c > 0. Consider the process 
in Gr/2, which coincides with zt in Gr/2, and is stopped, when it reaches the 
boundary. Let pt{x,y), x,y G Gr/2 be the density of the stochastic transition 
function for this process. 

Let i^' be a compact in Gr/2, which contains both U and A^.. Due to hy- 
poellipticity for each point x G Gr/2 there is a neighborhood V{x), and some 
T(x) > 0, such that pt{yi,y2) > c{x,t) > when yi,y2 G V(x) and t G (0,T(a;)] 
(see ||E^). The lower bound c{x, t) is strictly positive on time intervals separated 
from zero c{x, t) > c{x) > for t G [e, T{x)] for any positive e. By covering the 
compact K with a finite number of such neighborhoods we see that the density 
is estimated from below 

Ptix, y) >c> , for all X G A^, y e U, t G [6, 25] . 

From the definition of the stopping time ti if follows that 

(23) P{x,y)> ini pt{x,y)>c. 

xeAr, t&[S,25] 

This implies the Lemma. Q.E.D. 

The next Lemma shows that the distributions of the transitions times have 
uniformly exponentially decreasing tails. 

Lemma 3. There exist positive D and 7, such that for all z G Gr/2 we have 

(24) ¥,{n >t}<D e'^\ 



^It is shown in [Q that under the condition (A) the invariant measure for the two-point 
process is the product measure, i.e. /x^^-* = fi x y 
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Proof: Let us introduce two more sequences of stopping times, a„ and 6„, 
n > 1. These are the times of the successive visits by the process of the sets 
Ar/2 and respectively: 

ai = inf{t : Zt G Ar/2}, K = inf{t > a„ : G A,.}, 

a„+i = inf{t > bn'. Zt e Ar/2} ■ 

Let En be the event that the process visits Ar/2, and then makes n excursions 
before time Ti from A,, to Ar/2 and back: En = {6„+i < Ti < bn+2}- Then, 



n=0 



Notice that ti < bn+i + 25 on the set En, and the set En is contained in the set 
{oj+i — bi <2S for all 1 < z < n}. Thus, 

00 

E,e"^i < 5^E,(e"(''"+^+25)^^^^^^_^^^^^ ^^^^^^^ _ 

n=0 

By the Markov property, for n > 1 we have 

i^z X{ai+i-b,<25 for all l<i<n} ) — 

E2 (e"^*""^^''^X{ai+i-6,;<25 for all l<i<n-l} ) ^z^^^e"''^ X{ai<25}) ■ 

For the next estimate we use the result of Lemma |I], together with ( plf ) , 
sup E,(e"''^X{ai<25}) < e^^"-^ sup E,e°^ < l/2e2^" f-V^ ^ . 
This can be made smaller than 3/4 by selecting a sufficiently small. Therefore, 

z [e X{ai+i-bi<25 for all l<i<n} ) S 

- lll^ (^e X{ai+i--;)i<25 for all l<i<n-l} ) ■ 

Continuing by induction we see that 

>^z [e ^ ^ X{ai+i-b^<25 for all l<i<n} j S I ^ I Jc-zC 

Thus, 

00 

sup E,e°"^ < sup E,e"(''^+2'^) l]^3/4)" = . 
This implies the statement of the Lemma. Q.E.D. 
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Consider now the functional A[^\x^,x'^) of the two point motion, defined 
by the stochastic equation (|^). Using Lemma |^ we now show the existence of 

exponential moments for A^^ (z) 

Lemma 4. There exist positive Di and 71, such that for all z G G'r/2 'we have 
(26) P,{|42)|>t}</)^e"^^*. 

Proof: Rewriting the Stratonovich equation (H) in terms of Ito equation we 

get 



(27) 



4?(^) = E/ (^k{zs)deu{s) + 
k=i 

L ^ k=i 



where {Lx,,,XkCik){zs) is the derivative of along the vector field (X^jX^) on 
M X M at the point Zs- Let 

d 



Bo{t) 



(2J 



. fc=l 



ds , and 



5fc(t) 



ak{zs)ddk{s), k 



In order to prove the Lemma it is sufficient to show that 

E,e^l-^^("^)l <oo , k = 0,...,d 

for a sufficiently small 6. By Lemma ^ we have 

00 

E^e5|B,(n)| < < n < n + 1} E,(e'^l^'=(^^)lx{n<n+i}) < 

(29) r 



n=0 



Notice that for = 1, . . . ,(i the integral -Bfc(t) is obtained from a Brownian 
motion by a random time change. This time change has a bounded derivative, 
since the functions are bounded. If w{t) is a Brownian motion, then for any 
a there is q{a) with the property g(a) when a — 0, such that 

(30) ]E(e"™p[o,,(„+i)] hWl^) ^ (76"^°^". 

For A; = we have |-Bo(^)| < Ct since the integrand in (p8| ) is bounded. Thus the 
right hand side of ( pQ]) is finite for a sufficiently small 5 for all k. This completes 
the proof of the Lemma. Q.E.D. 
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Let yUo be the measure on G.r/2 which is invariant for the Markov chain z^^. 
Consider two Markov chains with the state space Gr/2 x I^, defined by their 
stochastic transition functions 

P,{dy X dt) =^,{zr^ e dy; n G dt} , 
^^^^ Qz{dy X dt) =F,{zr, G dy; 4f G dt} . 

Note that the transition functions are defined to depend only on the first com- 
ponent of the original point. The measures 

H^{dy X dt) = / Pz{dy x dt} dfio{z) , and 
(32) ^ 

H^{dy X dt) = / Qz{dy x dt) djj,o{z) 



are invariant for their respective Markov chains. These invariant measures are 
unique, since /io is the unique invariant measure for the process Zr„- As easily 
follows from (^) both of these Markov chains satisfy the Doeblin condition. 

Notice that transition probabilities for the Markov chains {zr„, Tn{z)—Tn-i{z)) 
and {zr„, A^J (z) — A^]_-i{z)) are given by (|3lD . For each of the Markov chains 
we apply the Law of Large Numbers to the function J'^C^'^'^p- ^) : Gr/2 x R ^ R 
given by f{z,t) = t. Notice that G Li{djj,'^) and G Li^dfj,^) by Lemmas 
^ and Since both Markov chains are ergodic, in the first case we obtain for 
each z G Gr/2 

lim ^"^^^ - lim ^1 + (^^(-Z) - Ti{z)) + ... + {Tn{z) - Tn-l{z)) 

{66) 



'KzTi{z)d^Q{z) almost surely 



Gr/2 



while for the second Markov chain we get for z G Gr/2 



(34) ^ n^oo n 



'E^A^^} {z)d^Q{z) , almost surely 

G'r/2 



Lemma 5. For any z G Gr/2 the limit limn^oo ^'^ is equal to zero almost 
surely. 
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Proof: Since the Markov chain is ergodic, we only need to show that the hmit 

^ a(2) 

hm„_oo 



(35) 



d(2) 

is zero for any z G Gr/2- As in (p7D, we have 

k=l "^0 
I k=l 



Taking expectations of both sides we obtain 

Jo 

where ip{z) = a(z) + \J2k=ii^Xk,Xk(^k){z) is a function, whose integral with 
respect to the measure /i^^-* , invariant for the two-point process, is equal to zero 
by (|T0|) . Since the two-point motion is ergodic we have that 



Therefore, 



(36) 



hm ^ii^ifil^ = !U[z)d,^^\z) = ^. 

t~*oo t JJ 



n-^oo n n~>oo n Tn 

rt 



'G, 



E;^Ti{z)dfj,o{z) lim 







72 



t— >oo 



This completes the proof of the Lemma. Q.E.D. 



Remark 2. We have shown that 
(37) 



/ E,Ar,{z)dfio{z) = . 

J Gr/2 



In section we shall use the identity 



Gr/2 -^0 



E,e 



i2nk6' 



^ip{zs)dsdiiQ{z) = 



for integer k and a function cp, such that / (p{z)dfi^'^\z) = 0. It can be proved 
similarly to the way formula (|37D was proved if we recall that t„ G {6,26, . . .}. 

Proof of Theorem Let 
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Then, 

(2) A2) A2) _ A2) 

(38) ^ ^^jv(t) _^ ^Tiv(f) 

Without loss of generahty we may consider the initial point z distributed in 
Gr/2 according to some law. Lemma ^ implies that the function f^{z, t) = t on 
Gr/2 X K has zero mean with respect to measure /i^. We can, therefore, use the 
CLT for Markov chains to obtain 

.(2) 

(39) lim = e{s) , 

where B(s) is a Wiener process with some diffusion coefficient a. In particular, 

^(2) 

(40) ^^iV(0,a), 
and for any c > we have 

(41) sup — ^''^ — > in probability. 



re[N{t)-cy/i,N{t)+cVt] n N 



Vt 



The arguments identical to the ones employed in the proof of Lemma ^ show 
that for some positive D and 7 and for any n 

(42) p1 sup |4^V^-4?l>4<^e-^* 

I 0<KT„+i-r„ 



Combined with (^TJ) this shows that for any c > 

(43) sup ^ in probability. 

By the CLT the quantity * converges to a normal random variable. There- 
fore, by (|43|) the second term in the right side of ( ^81) tends to zero in probability. 
The first term tends to a normal random variable by (^0|). Q.E.D. 

We shall extend Theorem |]for a two-point motion to an n-point motion after 
the next section. 



4. Exponential Mixing of the two-point process. 

In this section we prove exponential decay of correlations for the two-point 
process, defined by stochastic flow (p, starting outside of the diagonal A C 
M X M. Recall that by the two-point process has the unique invariant 
measure n^"^^ on M x M \ A. fi^'^^ is a product measure, fi^'^^ = fx x fi. 
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Theorem 4. Let B G C°°(M x M) he a function with zero mean. For any 
point z ^ M X M \ A let Pz,B{t) = Ez{B{zt)), where zt is the two-point motion 
with zq = z = {x,y). Then for sufficiently small positive 9 there are positive 
C{6) and p{6), with the property that p{6) — >■ when 9^0, such that 

1 



(44) \PzAt)\<Ce 



-et 



d{x,y) 



It turns out that it is sufficient to prove a similar statement for z ^ Gr, that 
is for the initial point at least distance r away from the diagonal. 

Proposition 5. With notations of Theorem^, for any small some positive r 
there exist positive 6 and G , such that if u & Gr, then 

(45) \Pu,B{t)\<Ce-'\ 
Now, using Proposition ^, we prove Theorem ^. 

Proof of Theorem ^ Let t{z) be the stopping time of hitting Gr, that is 
t{z) = mf{t : Zt e Gr}- Then for the indicator function X{t<|} have 

(46) EzB{zt) = Ez{B{zt)x{r<^^y) + Ez{B{zt)X{r>l})- 

To bound the ffist term, we use Markov property together with Proposition ^, 



— SI 

e 2 



|E,(5(zt)X|.<||)| <^Ar< I] sup _ \puAs)\ < C \\B\ 

^ se[|,t],«eGr 

For the second term we can apply Lemma |l] and get that 

iE.(B(.,)x„a,)i < m p. {.(.) > 1} < c m {^J 

where p can be taken arbitrarily small by selecting a sufficiently small a. This 
completes the proof of Theorem ^. Q.E.D. 

Proof of Proposition Let Pu,b{0 be Fourier transform of Pn,B- 



at 

e 2 



(47) 



/OO / POO \ 

e-'«* E^B{ut) dt = U e-'^'B{ut)dt\ 



The main idea of the proof is to show that for each point u E Gr the correspond- 
ing Fourier transform function Pu,b{0 is analytic in ^ in some strip |Im,^| < a, 
and / \pu,B{cr + is)\da is uniformly bounded for \s\ < a, u E Gr- Then by 
Paley- Wiener Theorem we have Pu,B{t) < ce~^* for any 6 < a and some positive 
c. This clearly implies the Proposition. 
Rewrite now the right-hand side of 




(48) E„ (^j\-'^'B{ut)dt^ = E„ f X^e-*«^^ j^' e''^^'-^^^ B{ut)dt 
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where tq = 0, and tj, j > I were defined in Section p72| . Let 

(49) P{u, = E„ e~'^'B{ut)dt^ . 

Introduce on the space C{Gr/2) of continuous functions on Gr/2 the transfer 
operator TZ^ : G{Gr/2) C{Gr/2) 

(50) (7^^/)(M)=E„e-^«-7(wn) • 
By the Markov property 

Now using this formula and (|48|) we get 



(51) p„,b(«, = E 0] («) = [(1 - ^«)~'/?(-, 0] («) , 

j=0 

provided that ||7^^|| < 1. Note the following properties of TZ^ and /?(-,0 

1) By Lemma ^, 7^^ and /3(-,^) are analytic in the half plane Im^ < 7. The 
functions /9(-,0 ^^cl /3^(-,^) are uniformly bounded in the same half plane. 

2) Since ti G {5,25, . . . }, the operator TZ^ is periodic with the period 2t[5~^. 
As follows from the definition of TZ^, 



-1 



||7^5|| < 1, when Im^ < 0, ^ 7^ 2-nk5 

3) The operator Rq is a generator of a mixing Markov chain. Thus, in a 
neighborhood of ^ = 2'irk5~^, the operator 7?.^ can be written as 

The operator is one dimensional, S^f = A^/ig(/)/g, where is the largest 
(in absolute value) eigenvalue of 7Z^, while and /i^ are the corresponding 
eigenfunctions of 7?.^ and of the adjoint operator, such that /i^(/^) = 1 . The 
operators and 7^ commute, and ||7^|| < 1. The operators cS^ and cT^, and 
the vectors and /ig are analytic. 

In a neighborhood of ^ = 27rA;5~^ the operator (1 — TZ^)^^ can be written as 

(52) (l-7^^)~V=(l-T^)-V + Y^ 

Thus, the operator (1 — 7^^)"^ admits a meromorphic continuation to a half 
plane Im,^ < a for some a > 0, with the poles at the points = 27r k6~^. Note 



that At 7^ at the poles, and therefore the poles are simple. From (|5^ and 
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Remark (|37|) it follows that the residues of (1 — 7^^) ^) at ,^ = 27Tk6 ^ are 
equal to 

Therefore (1 — TZ^)^^j3{-,C,) is holomorphic in the half plane Inii^ < a. 

Next we show that |(1 — TZ^)~^P{-,^)\ is uniformly bounded in the same half 
plane. Let f/ be a neighborhood of ,^ = 0, where (^) is valid. Since 71^ is 
periodic, (|5^) is valid in the same neighborhood of each of the other poles of 
(1 — 7l^)~^. The function |(1 — 7?.^)~^/5(-, ^)| is bounded outside of the union 
of such neighborhoods, since (1 — TZ^)~^ is a bounded operator there. In the 
neighborhood Uk of the point 2TTk6^^, the function | (1 — 7^)~^/?(-, ^)| is bounded, 
since (1 — T^)^^ is a bounded operator there. Finally, | '^{^x^'' I is estimated by 
Const|(iS^/5(-, ,^))^|, which is bounded, since is periodic, while and 
are bounded. 

Lemma 6. For any positive integer N we have Pu,b{0^^ uniformly in 
u G as ^ oo, Itci^ < a. 

Proof: We have 

\PuAm = \{dtPuAmi)\ = \puMBm 

where D is the generator of the two point motion. Thus, for any function B with 
zero mean, < In particular \Pu,d{b){.0\ < ff- Hence \Pu,b{0\ < jfi- 

Continuing by induction we obtain the Lemma. Q.E.E). 
Thus, Pu,b{0 is analytic in |Im(^)| < a and 

j \Pu,B{cr + is)\ds 

is uniformly bounded for |s| < a by Lemma ^. Thus Proposition ^ is implied 
by Paley- Wiener Theorem. Q.E.D. 

5. An n-POINT MOTION 

Below we show the modifications needed to prove Theorem ^ We shall follow 
word-by-word the arguments given in case n = 2 and exhibit differences. For 
the proof of Theorem |l] we use £2(6"*-^^"°"^'') < K or the fact that time the 
two-point motion spends inside r-neighborhood of the diagonal has exponential 
moments. 

First we define an analog of return times of returning to r-neighborhood of 
the diagonal hitting r/2-neighborhood Ar/2 in between similarly to p^). For 
the multipoint motion some care has to be taken. 
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The r-cylinder of the generahzed diagonal and its outside are given by 
A(") = {{x\ . . . , x") e M X ■ ■ ■ X M : 3z < J d{x\ x^) = r}, 
^^^^ = G M X ■■■ X M : mm d{x\ x^ ) > r} . 

Kj 

Denote zj:"'^ = {xj, . . . , x") the position of an n-point motion at time t. Similarly 
to the two-point motion we decompose the time interval [0, t] into random time 
intervals as follows. The initial interval is [0, where crj"^ = al^\z^'^^) is the 
first moment zi"^ G A^^g the point zi^^ hits A|,y2. Then we define two types of 
intervals of time. For each i < j formula (^) aplied to the two-point motion 
{xl,xl) defines the stopping times {al\T^^}s of consequently hitting A,, and 
staying time S inside Gr/2- Consider the union of these intervals over all i < j 



(54) U,<,U„ez:+[cr;;l,r^+i] 

Renumerate this union as the one consisting of a countable number of disjoint 
connected intervals. Denote renumerated intervals by {[cTm\ Tm'']}mez+- we 
call each such an interval [cxm \ TnT"*] an interval of the second type. During 
s G [(Jm^Tm^] the n-tuple zi"^ stays close to the generalized diagonal and the 

An) in) 



complement intervals { [Tm , cr^+i] }mez+ are of the first type and correspond 

^72 



being in G^^)^ r/2-away from the generalized diagonal. By compactness 



of G|,"2 and nondegeneracy assumption (C„) during intervals of the first type 
the n-point motion is nondegenerate. 

Using these stopping times we subdivide [0,t] into [0,crj"^], [o"^"'\ r^^"''], and 
so on where this is the interval after the last r^^^^^-return to G|,"2- 

An additional difficulty arising for the n-point motion is to prove an analog 
of Lemma |1] for the return stopping time r^"''* defined above. 

Lemma 7. For flow with the above notations for the n-point motion there 
exist positive Di and 71 such that for each u G G'|,"2 O'l^d each j G Z+ we have 

(55) P{r;"^ > t| 4"^ =u}<Di e-^-'K 

Suppose this Lemma is proven. Then implies that -E^cn) (explar^^""*}) is finite 
for some a > 0. Then the rest of the proof is the same proof as for the 2-point 
motion. 

Proof of Lemma Q-' The proof is a little more complicated than the one for 
Lemma |^. The problem is that r^^"'* the return time of the n-point motion 

consists of two parts: first [0, a^"^] when hits A^":2 for the first time and 

""1 

[<y^i \ T^^"^] when is inside aI""*, i.e. there is a pair of points x\ and x{ which 
are inside A*-'. Exponential decay of the probability for cr("^ > t follows from 
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compactness of ^^"2- The problem which arises is that intervals of time of return 
from A*y2 to A*^ for different pairs i and j can be overlapping and, therefore, 
Lemma |^ is not straightforward corollary from Lemma |I|. 

The idea of the proof is to fix a pair of points and and show that for 
a large time t and a sufficiently small r > the probability that proportion of 
time (x*, xi) spend in the intervals of time of the first type [cx^'^'', r^"^] compare 
to the whole time t exceeds decays exponentially in t, i.e. for some i^' > 
and < 6' < 1 



(56) P 



{Tr{x\x^) - al^{x\x^) 

{r: (x',xi)<t} 



Therefore, union over all pairs of point gives that for any z^'^'> = (x^, . . . , x") G 
M X ■■■ X M\ A(") we have 

P,(„) |rf)(z(«))-ai")(^(")) >t} < 

$^P(.s..) (A'\x\x^)-a?\x\x^) >^\. 

Therefore, if probabilities of every term on the right-hand side is exponentially 
small in t, then probability in the left-hand side is exponentially small. This 
would complete the proof of Lemma |^. Now we proof exponential decay of the 
right-hand side probabilities of the two-point motion. 

It is shown in [PS|| the two-point motion, defined by flow (|l]), is ergodic and 
has a unique invariant measure such that fi^'^\A) = 0. Let u E Gj./2- 
Denote by Eu{ti{u)) expected time of a point u e Gr/2 hitting Ar/2, then A,., 
and then staying outside Ar/2 for a time at least 5 for the two-point motion. 
Then by ergodic theorem for stopping times Ti{u) and cti(m), deflned above, we 
have 

(57) j Eu{ti{u) - (Ji{u))dp{u) ^^^^ 

J Eu{Ti{u))dp{u) 

where dp{u) is an invariant measure on Gr/2 induced by flow (|l]) Let 

(58) 7(^1,6,^^,^^^) = E„(e«^("^(")~"^("))+«^("^(")-"^("))|z(°) = u,z^^^ = w), 
with both u,w E Gr/2- Deflne a tranfer operator 

(59) {Mi:f){u)= k{u,w)-f{^i,^2,u,w)f{w)dw, 



where k{u,w) is the transition density of returns to A,.. Since depends 
analytically on ^ = (^1,^2), therefore, for small ^ we have a decomposition 

(60) = + ^df - 
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where operators 11^ and commute, C^f^ = X^f^ and 11^ is a contraction 
operator, i.e. ||n^|| < for some < 6 < 1. Direct calculation shows 



Eu exp 



Since Aq = 1 and using ( ^7]) for any n G Z4. one can choose positive r, K, and ^ 
and some < ^ < 1 such that for any positive integer m 



Eu exp 



By Chebyshev inequality this implies that 



y^T 1 hiiu) — cTjiu)] 1 



Similar argument shows that for any T exceeding average return time r* and 
any positive integer m may be with a different K we get 

^zir„, > Tm) < KO'^. 

Now we are ready to prove ([561). Let m = [j^]. 



(61) 



<->< 



J2 iT^=ix\x^)-anx\x^) 

{r: TlP(x\xi)<t} 



[x"^ ,x^) 



l=m+l 



n 



All the terms in the right-hand side decay exponentially with exponent 9. This 
completes the proof of Lemma ^ Q.E.D. 

As we pointed out above the rest of the proof of Theorem ^ is completely 
similar to the proof of Theorem ^ as we pointed out above. Theorem ^ is 
proven. Q.E.D. 



6. Equidistribution. 

In this section we prove that images of smooth submanifolds become uni- 
formly distributed over M as t 00. More generally, we prove that if a 
measure v has finite p-energy, defined in (0), for some p > 0, then the image 
of this measure under the dynamics of stochastic flow (|I]), satisfying conditions 
(A) through (E), becomes uniformly distributed on M. 
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Lemma 8. Let u be a measure on M which has finite p-energy for some p > 0. 
Letb e C°°{M) satisfy J b{x)dfi{x) = 0. Then there exist positive'-/ independent 
of V and b, and C independent of v such that for any positive to 



(62) 



P 



isup / b{ 



Xt)dh'{x] 



> C/p(z/)^/2g-7t0 I < ^g-7to _ 



Proof: Without loss of generality we may assume that z/(M) = 1 (otherwise 
we multiply u hy a constant). By the exponential mixing of the two-point 
processes (Theorem ^) we have 

b{xt)du{x)] =11 E(^^y){b{xt)b{yt))diy{x)diy{y) < 



E 



(63) 



MxM 



Therefore, 

(64) 



E 



b{xt)du{x] 



dv{x)dv{y) 



This shows that the expectation of the integral decays exponentially fast. 
Now we shall use standard arguments based on Borel-Cantelli Lemma to show 
that / b{xt)dh'{x) itself decays to zero exponentially fast. 

Fix small positive a and k, to be specified later. Let Tnj = n + je'^"^, 
< J < e^"^. By Chebyshev inequality, (|6^ ) implies 



> /p(z/)l/2g-an 



■e/2)n 



Taking the sum over j, 



(65) P<i max 

' 0<j<e'' 



> 



-a-9/2)n 



Next we consider the oscillation of / b{xt)dh'{x) on the interval [T„j,r„j+i]. By 
Ito formula, due to ([l|). 



(66) 



E 

k=i "^"j 



b{xt)di'{x 
ak{xs)du{x)d9k{s) + 



b{xr„Jdu{x) = 
aQ{xs)dv{x)ds 



where Ofc, k = 0,...,d are bounded functions on M. Each of the integrals 
It I o.k{xs)dv{x)d9k{s) can be obtained from a Brownian motion by a random 
time change. This time change has a bounded derivative, since at are bounded. 
The absolute value of the last term on the right side of (^) is not greater than 
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for sufficiently large n. Therefore, for suitable C4, C5, Cq > 0, which are 
independent of u since z/(M) = 1, 



P < sup 



(67) 



g~Kn/4 

d-P<{ sup \w{ti)-w{t2)\>-, 5> < 

0<ii<t2<C4e-«" a+1 



C5 exp 



d+l 



2c^e--n I expl^^ = C5exp(-C6e""/2)exp(^) 



Combining this with (^) we obtain 



P{ sup 

n<t<n+l 



b{xt)dh'{x) 



> Jp(z/)^/2^e-"" + e-""/2)} 



< c^e'^-+-omn + c'ge'f' exp(-C6e'^"/2) 



This implies (^) if we take a = K = '~f = 6/ 10 in the last inequality, and take 
the sum over all n such that n >to — 1. Q.E.D. 



7. CLT FOR MEASURES 

7.1. Energy estimate. We prove the lemma which is needed in order to con- 
trol the growth of the the p— energy of a measure. Let z/£(f2) = i/(xi G Q). Also 
we shall write v{f) = J fdv. 

Lemma 9. If p is small enough, then for some C > 

Emut))<Ip{u) + C. 
Proof: Fix a sufficiently small positive r. The goal is to estimate from above 

dv{x) dv{y) 



(68) Wp{^t)) = E 



dPixu Vt) 



To get an upper estimate we take care of when points Xi's and y^'s come close 
one to the other. Consider two random sets: 

jO'- = {(x, y) G M X M : VO < s < t d{xs, Vs) < r/2}, 
= MxM\Ii''. 

For each pair of points (x, y) from /°'^ we define the sequence of stopping times 
{(Tj(x,y)}jez+ (resp. {rj{x,y)}j^z+ with Tj{x,y) > aj{x,y) for all j) of hitting 
r/2- neighborhood (resp. r-neighborhood) Ar/2 (resp. A^) of the diagonal. Now 
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we subdivide the set into random subsets 

= {{x,y) eMxM: a,{x,y) < t < T,{x,y)}, 

(69) . , 

II'^ = {{x,y) eMxM: Tj{x,y) < t < cr,+,{x,y)}. 

By Fubini's Theorem it suffices to show that for some Ci, C2 > and any t > 
we have 

(70) Ed-^{xt,yt)<Cid-^{x,y) + C2. 
Decompose Kd^^{xt,yt) into the sum 

(71) E d-P{xt,yt) = J2(M{d'n^t,yt) Xji^+} + ^{d-nxt,yt) X,.,-}), 

where xp'+ Xp'+ ^ire the characteristic functions. The ffist term is uni- 
formly bounded because d{xt,yt) > r/2. The second term means that at a 
time aj{x,y) < t we have d{xaj{x,y),yaj{x,y)) = r/2. By renewal of the so- 
lution of the flow (|I]) we can apply arguments from [PS|| (see proof of The- 
orem 3.19 on page 202) which say that d~^{xs,ys) is a supermartingale, i.e. 
E{d~^{xt,yt) Xf-} ^ (2/r)P. This completes the proof. Q.E.D. 

7.2. Moment estimates and the Proof of the Main Result. This section 
is devoted to the proof of the main result of the paper: CLT for the passive 
tracer (Theorem Recall that we start with a nonrandom measure u of finite 
p-energy /p(z/) < 00 for some p > 0, a stochastic flow of diffeomorphisms (|l|), 
and an additive functional {At : t > 0} of the one-point motion, defined by 
the stochastic differential equation (|13D. 

Let x(^)0 = ^{^wi'^^t}) be the characteristic function of the functional 
At{x). Below we shall see that x{tyO is equicontinuous in ^ when ^ G -ft", t G N 
on a set of measure 1 — 5, where 6 > and a compact set K are arbitrary. We 
shall further see that 

(72) lim — — ^——= — ^^-^ = almost surely. 

Finally we shall see that there exists D{A), such that for any ^ fixed 

(73) lim xi'i^^O = ^^P ( n ) S'l^ost surely. 



Combining ([73| ) with (|72|) above, and with the equicontinuity of we obtain 
Theorem |^. Thus it remains to verify the equicontinuity of x ^ind formulas 
(^)-(p. 

In the next three lemmas we estimate the growth rate of At and of its mo- 
ments. 
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Lemma 10. Let S, Nq, and N be arbitrary positive numbers. There exists C = 
C{6, No,N), such that for any t > 0, and any signed measure v, which satisfies 
|i/|(M) < 1, /p(|z/|) < we have 

P{|z/(A)|>t'}<cr^. 

Proof: Write the equation for z/(At) in Ito's form 



By Lemma ^ 



a[x 



.)dh'{x)ds + 



k=l 



ak{xs)du{x)d6k{s) 



(74) 



P{ sup 



h{xs)du{x) 



> e 



S/3 



where b{x) is either d{x) or one of ak{x). The integrals J d{xs)dv{x)ds and 

^fc=i /o ^ [/ '^fc(a;s)(ii^(x)](i6'fc(s) are estimated using the facts that d and are 
bounded and that the stochastic integrals can be viewed as Brownian motions 
with a random time change. The same integrals over the interval [f^^^, t] are 
similarly estimated using ([7^). Q.E.D. 

The proof of ( |7^ ) is similar to the proof of Lemma - one can write the 
expression for At in Ito's form, and then use the fact that the stochastic integral 
can be viewed as a time changed Brownian motion. Alternatively, ( JT^ ) follows 
from a more general result in ||L!j| . 

Lemma 11. There exists a constant C > 0, such that for any k > and any 
initial point x 



(75) 



Proof: Recall that At = d{xs)ds + J2k=i lo (^k{xs)d9k{s). For the first term 



by the large deviation theory 
jld{xs)ds 



for some C > 0, 



since Xs is a mixing diffusion process on a compact manifold. For each of the 
stochastic integrals, recall that ak{xs)d9k{s) can be viewed as a time changed 
Brownian motion, with the derivative of the time change bounded. Therefore, 



(76) 



/q ak{xs)dek{s)\ 



>k \ < 



> k \ <C exp 



' C 



for some C > 0. 
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Therefore the estimate (|75D holds, with possibly a different constant C. Q.E.D. 

Lemma 12. For any positive 6 and any N E N there exists a constant C > 
such that for any measure v with |z/|(M) < 1 and any n G N 



2 



(77) p||z/|(|Ar) > n\t^'2+S')n^ < Ct 

Proof: Without loss of generality we may assume that u is a. probability mea- 
sure. By Jensen's inequality (J lA^l^rfz/)' < J \At\"''-di' for / G N. It is therefore 
sufficient to estimate the probability P{z/(|A|"') > (n!)'t*^^+''^"'}. By Chebyshev 
inequality 



(78) p{z/(|Ar') > (n!)'t(^+'^)"' 



^ /E^|A|"'dz/(a;) 
~ (n!)'t(H'5)'^^ 

Take / > ^. Then the right side of (iTSl) is not greater than ^^p.W\"' ^-n-^ ^ 

This is less than Ct~'^~~ by Lemma |Tl|. Q.E.D. 

Put nt = [t^^^], Tf = t/ut, and for each < s < t denote the increment of the 
functional At{x) from time s to time t by 

(79) A,^t{x)=Atix)-Mx). 

We split the time interval [0, t] into Uf equal parts and decompose 

rit-l 

(80) At{x) = J2^m,U+i)n{^)- 

j=0 

The idea is to prove that this is a sum of weakly dependent random variables 
and that the CLT holds for almost every realization of the Brownian motion. 
We need an estimate on the correlation between the inputs from different time 
intervals. For any positive r, s, and / with r < / we denote 



.(A,_„A,,„,) = /a,_„,(,)A,,„. 



{y)dy{y). 



Lemma 13. Let some positive Ci,C2,7i, and 72 he fixed, and consider s and r 
which satisfy CiV^ s,t < 02^2. For any positive 6, N, and Nq there exists a 
constant C such that for I > C, and any measure v, which satisfies \v\[M) < 1, 
IpiWl) < we have 

(81) F{\uiAi_,,Ai,i+s)\>l'}<r'' . 

Proof: Without loss of generality we may assume that z/ is a probability 
measure. We start by decomposing each of the segments [/ ~ t,1], [I, I + s] into 
two: 

[/ - r, /] = Ai U A2 = [/ - r, / - In^ /] U [/ - In^ /, /] , 
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[/, / + s] = A3 U A4 = [/, / + In^ /] U [/ + In^ 1,1 + s] , 

We denote 

Aa,b = /^a,bX{Aa.b<{b-a)2} ■ 



By Lemma |TT| there is a constant C such that 

(E^A^ JV2 ^c{l + b-a) and 



b — a 
'~C~ 



(E,(A,,,-A,,,)2)i/2<Ce- 
Therefore for two segments [a, b] and [c, d] such that b < c 
|E,(A„,bAe,d - Aa,bAc,d)\ = |E,((A„,fc - A,,b)A,,rf) + E,(A,,6(Ae,d - A,,d))| < 

C(l + |6 - a| + |rf - c|)(e~^ + e"^) . 
After using Chebyshev's inequahty we obtain that for any positive k 
P{|z/(A,,fcA,,rf) - z/(A,,feAe,,)| > A;} < 

(82) C{1 + \b-a\ + \d- c|)(e-^ + e"^) 

In the same way one obtains 

P{|z/(A„,feA,,rf) - Z/(A„,feAe,d)| > fc} < 

(83) C(l + \b-a\ + \d- c|)(e- V + e'^) 

The contribution from z/(A2A3) is estimated using estimate (^) with k = : 
for any positive 5 and for sufficiently large / 

|z/(A2A3)|>/^}<r^. 



The contribution from each of the other three products is estimated using the 
fact that the segments are separated by a distance of order In^ I. Let us for 
example prove that P{|z/(AiA3)| > l^} < l'^. By taking k = in (||) we 
obtain 



|z/(AiA3)-KAiA3)|>/'}<r^- 
In order to estimate z/(AiA3) we apply the change of measure 

(84) z/(AiA3) = j Ai_^ i_^^2iAi^i^^^2idu{x) = J A^^2i 2i^2i{x)du{x) 

where 

H^)= / Xfe , 2,eA}A,_^^,_in2;(x)rfz/(x) . 
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The measure v has a density with respect to Vi^x^^ ^ which is bounded by since 
^i~T /-in^ I is bounded. Therefore by Lemma § for any positive there exists 
M such that 

P{/p(z>) > /^'} < /-^ . 
The right side of (|8^) is written as 

Ai^2 1 2in'^ iix)di'{x) = I / d{xs)di'{x)ds + 

/ln2 1 J 

r21n^ I 



/ ak{xs)dv{x)d6k{s) . 



We now proceed as in the proof of Lemma |T0|. The contribution from i^(AiA4) 
and i^(A2A4) is estimated in exactly the same way. Q.E.D. 

Our next statement concerns the asymptotic behavior of the second moment 
of the functional At 

Lemma 14. The following limit exists and the convergence is uniform in the 
initial point x 

(85) D{A) = hm ^^^^ . 

n— >oo n 

Proof: Let 7^ = Aj+i — Aj. Then 



n n n 

The following two statements imply the existence of the limits for the two sums 
on the right hand side of ( p6D 

(a) |Ea.(7j7j+r)| < Ce"*^^ for some positive C and 5. 

(b) limj^oo Ea;(7j7j+j.) = fr uniformly in x for some fr- 
To prove (a) we write 

|Ex(7i7i+r)| = |E^(7iE(7j+r|^i+i))| 



< {E.(7,^)}'/'|sup|E,(7.-i)|} 



Here we assumed that r > 1. The case r = 1 follows from the next estimate. 
The first factor is estimated as 

{E.(7?^)}^/^<sup{E,(A?)}^/^ = C. 
y 

The last expectation is equal to 

pr 

|Ej,(7,_i)| = |E^ / diyt)dt\ <ce~^' , 
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where the inequahty is due to the exponential mixing of the one-point process. 
This proves (a). 

Let (f)r{x) = ]Ej.(7o7r). The following limit exists and is uniform in x by the 
ergodic theorem 

lim E^(7j7j+r) = lim E^(E-fai+r\^i) 

(87) 



= lim E^,{(j)r{xi)) = / (j)r{y)diJ.{y) = fr ■ 

This proves (b). Q.E.D. 

The next lemma provides a linear bound (in probability) on the growth of 
iy{A^). Note that such a bound implies the equicontinuity of x{tyO ^ the sense 
discussed above. 

Lemma 15. For any positive N, No, and p > there is C > such that for 
any measure v which satisfies |z/|(M) < 1, /p(|z^|) < we have 

F{\u{Af) - u{M)D{A)t\ >pt}<C t~^. 

Proof: Let us prove that F{u{A'^) ~ u{M)D{A)t > pt} < Ct~^ . The estimate 
from below can be proved similarly. Consider the event Qt that /p(z/jvj < t^'^ 
for all j < Ut- By Lemma ^ we have ¥{Qt} > 1 — if a sufficiently large 
Ni is selected. Fix any 6 with < 6 < 1/20. Let Rt be the event that 
i/(A2^^ (i+i)rt) ^ ^t^^ for all J < rif By Lemma |l| we have P{i?J > 1 - t"^. 
Let (3j = iy{Af.^^^^^^.^Jx{QtnRt} and Bj = ELi/^fc- We shall prove that 



(88) 

The proof will proceed by induction on j. First we show that 
(89) E jexp 
Indeed, using Taylor expansion 



(90) 



< exp I — 



^ P, - HM)D{A)+p)t, - (,.(M)D(A)+p)t, , 

+5/6 \ +5/6 / ' 



k=2 



Since by definition jSj < i/(A^^^ (^._^^)^J, we have Ej3j < Ei/(A^^^ (^._^^)^J. From 
Lemma |T5| it easily follows that Ei/(A^^^ (i+i)ri) - iJ^{M)D{A) + p/4)rt for large 
t. The expectation of the infinite sum is less than pt~^^^/A since jSj < r^^^. 
This proves (W^ 
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Assume that (|88D holds for some j. Then, 

,+i-KM)D(A) + p)(j + iK 



E 

(91) E 



<^ exp ( ^ 

jexp 



^5/6 

B, - {u{M)D{A) + p)jn 

^5/6 



E (exp ( ft>.-(KMW^)^P)n ^ I ^^^^ 

Due to (^) and since Ipii^jn) ^ on Qt by the by the Markov property the 
conditional expectation on the right side of (|9TD is not greater than 1 — pt^^^^ /2. 
Therefore, 



S exp I - 



This proves (|88|). It follows from (|88|) with j = rit that 



P{i3n, - z/(M)D(A)t > pt} < Cf 



-N 



Recall that 



rit-l 



j=0 



< Ct 



-N 



by Lemmas |^ and |12[ 

Finally, direct application of Lemma |1^ to pair products of A's at different 
time segments gives that for any positive 5 we have 



(93) 



rit — l 



> t 



1/3+5 



< Ct 



-N 



for sufficiently large t. This completes the proof of the lemma. Q.E.D. 

Lemma 16. Let p,Nq, and N be arbitrary positive numbers. There exists a 
constant C > 0, such that for any t > 0, and any signed measure u, which 
satisfies |z/|(M) < 1, /p(|z/|) < t^o we have 



P 



u exp 



> pt-^/^ \ < ct 
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Proof Lemma Consider the Taylor expansion of the 
function exp(-^Ao,rt(a;)) 



(94) 



u exp 



A, 



0,rt 



(M) + (Ao,.) (AtJ + (Kn) 



By Lemma |10| for any 5 > we have 



(95) 



P 



-^z/(Ao,^,(x)) 



-AT 



By Lemma IT5| almost certainly we have 



(96) 



\u{Al^^{x))-u{M)DiA)n\<pn. 



To estimate the tail we apply Lemma |T2|. This proves the lemma. Q.E.D. 

Proof Theorem It remains to demonstrate that ( [73|) holds. First we show 
that 



P 



(97) 



Write 



D{A)e\ ( rl^. , 



> pt-^'"^] < cr 



■N 



V I exp 
(98} 



A 



0,{i + l)rt 



( exp <j ^Aojv, [> exp <j ^A^v-^.o+i 



V exp 



where z> is a random measure, defined by 



v{A) = J exp ^—Aojrt j X{x,,,eA}diy{x) . 
Note that by Lemma ^ for some Nq 

p{/p(|z>|) > < cr^ . 

Thus the right side of (^) can be estimated with the help of Lemma ^ 



P 



z> ( exp <i ^Ao,., } ] - z>(M) ( 1 



2ti/3 



> pr^^^ > < ct 



-N 
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This is exactly the same as (|97|). Applying (^) recursively for j = — 1, 1 



we obtain that for any positive and p there is C > such that 



Therefore, 



P{exp( '-^ q < x{t,0 < exp( '-^ ^)} >1-Ct 

This implies (0), which completes the proof of the theorem. Q.E.D. 

8. The Dissipative Case 

In this section we extend our CLT for measures (Theorem |^), proved in the 
previous section for measure-preserving stochastic flows (see condition (A)) to 
the dissipative case. In other words, we consider stochastic flows defined by the 
stochastic differential equation (^ satisfying conditions (B), (C2), (D), and (E) 
the sum of whose Lyapunov exponents is negative. First, notice that without 
measure-preservation assumption it is no longer true that generically the largest 
Lyapunov exponent is positive. However, the case when all the Lyapunov expo- 
nents are negative is well understood |[L3||, so we shall concentrate on the case 



with at least one positive eigenvalue. The main result of this section is CLT for 
measures (Theorem below). 

Let m be the invariant measure of the one-point process, which is unique by 
hypoellipticity assumption (B). Let m2 be the invariant measure of the two-point 
process which is supported away from the diagonal. Such a measure exists and 



is unique for the processes with positive largest exponent by the results of [ PS|| . 
Moreover we have exponential convergence to m2 since the proof of Theorem ^ 
never used the assumption of volume preservation. 

Theorem 6. With the notations above there is a family of probability measures 
{pt : t > 0} such that 

(A) For any measure v of finite p-energy 

lim (p*_ri^t{^) = fit 

n— +00 ' 

almost surely. 

(B) the process t ^ p^t is Markovian and push forward (pt by the time t stochastic 
flow (dj satisfies (pKfio) = /^t/ 

(C) For any continuous function A for any measure v of positive p-energy 

\u{A{xt)) ~ Ht{A)\ ^ as t ^ +00 

almost surely. 
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Remark 3. The measures fit and especially their dimensional characteristics 
were studied in several papers |[LY1| , |LY2| , [CI] , [C2| , [C3| . The questions which we 



discuss here are different from the ones studied in these papers and we will not 
use any of their results. 

Let {At : t > 0} be an additive functional of the one-point motion satisfying 



(p!3|) and ([15|). Denote by a{t) = /it(a) and ak{t) = fitio^k) ioi k = 1, . . . , d 



averages of a and a^'s with respect to fit and define two additive functionals 



d 



dCt = J2 Mt) o dOkit) + d{t)dt, 



(99) 



k=l 
d 



dBt{x) = ^{akixt) - ak{t)) o d9k{t) + {a{xt) - a{t))dt. 



k=l 



Note that by the standard theory of Markov processes = is asymptotically 
Gaussian with zero mean and some variance 

Theorem 7. Let Alf * be the measure on M defined on Borel sets fl gM. by 

(100) Mt'*{n) = uS^xeM: ^^enj. 

Then there is a constant D'{A) such that almost surely A4t'* converges weakly 
to a Gaussian measure with zero mean and variance D'{A). 

We can reformulate Theorem |^ as follows. 

Corollary 8. (a) Almost surely for large t the measure Aif defined by (jl^ 
is asymptotically Gaussian with a random drift and deterministic variance 
D'{A). 

(b) As t +00 the distribution of the drift is asymptotically Gaussian with 
zero mean and the variance D"{A). 

Proof of Theorem Given a measure v of finite p-energy denote 

Lemma 17. There is a constant p < 1 such that VA G C{M) Vt Vz/i,z/2 of 
finite p energy almost surely there exists a constant C = C{6) such that 



(101) pi'\u,){A) - p[''\u,){A) 



^It is easy to see from Theorem 0(A) that Va G C(M) \/t we have E(/^t(a)) = m(a) so the 
vanishing of the mean foUows from (|15|). 
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Proof. 

\¥.{A{xt))dui{x-n) - E(A(xt))rfz/2(x_„)| < Const 

since both terms are exponentially close to m{A) by the exponential mixing of 
one-point process. Likewise 



A{xt)A{yt)d{ui X z/i)(x„„, ?/_„) + 

(103) 

A{xt)A{yt)d{v2 X ^2){x —ny V- 



A{xt)A{yt)d{ui X i^2){x^n,y^n) < Const 

since the first two terms are exponentially close to m2{A x A) and the last term 
is exponentially close to 2m2{A x A). Thus the result follows by Borel-Cantelli. 
Q.E.D. 

Lemma 18. lining exists almost surely and if vi and V2 o,i^e two dif- 
ferent measures then lim„^oo /^l"''('^i) = hmn^oo yul"''('^2) almost surely. 

Remark 4. This proves part (A) of Theorem ^ 

Proof. The second part follows immediately from Lemma [l^. The first part 
follows the fact that almost surely there is a random constant C{9) such that 

(104) yr'\A)-pt\A)\<c{e)p- 

The proof of ( |104|) is similar to the proof of ( |101| ) and can be left to the reader. 
Q.E.D. 

By the construction we have part (B) of Theorem ^ 

Lemma 19. With the notations above the family of measures {pt}t&.+ satisfies 
(ps,tfJ's = fJ't almost surely. 

Thus, 1 1— i> /it is a Markov process and it has a continuous modification. Notice 
also that for any smooth function A on M we have K{pt{A)) = m{A) for every 
t G M+, because E,{p["'\A)) — > m{A) as n oo. 

Lemma 20. With the notations above for any measure v with finite p- energy 
for some p we have \/A e C°°{M) 

HAixt))-^it{A)\<Ci9)e-^'. 
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Remark 5. This is part (C) of Theorem |^. 

Proof. Following the argument of the proof of Lemma ITTI we get for any two 



measures ui and 1^2 of positive p-energy 

Const c~~^^^ 

F{\ui{A{xt)) - MA{xt))\ >r}< . 

Taking 1^2 = /^o we get 

Const p~^i^ 

¥{\uiA{xt)) - fitiA)\ >r}< . 

r 

The rest of the proof is similar to the proof of Lemma p. Q.E.D. 

Proof of Theorem The proof of this Theorem is the same as the proof of 
Theorem |. Q.E.D. 

Remark 6. In the conservative case /i^ = m, so a and are non-random and 
so Theorem ^ reduces to Theorem |^. Conversely, if \fA G C°°{M) we have 
D"{A) = then fit does not depend on t and do t't(v4) = E(/it(y4)) = m{A). 
Using (|103|) we get 



E 



),'i^\u){A)-m{A) 



A{xt)A{yt)d{u X + m{Ay - 2m{A) j < Const 

The first term here is close to m2{A x A) and the sum of the other two is close 
to —m{Ay. Since n is arbitrary we get m2{A x A) = m(A)^. By polarization 
VA, B G C{M) 

A{x)B{y)dm2{x,y) =m{A)m{B). 

Hence m2 = mxm. By ^ this implies that each 0^ ^ preserves m. Hence we can 
characterize the conservative case by the condition that the drift in Corollary |^ 
is non-random. 
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